Let G be a graph. An eternal 1-secure set in a graph G is a set S 0
Introduction
Let G = (V, E) be a simple graph. Burger et al. [1] introduced the parameter smart ∞-secure dominating number of graph G. The symbol γ ∞ (G) is used to denote this parameter. An equivalent definition of this concept was given by Goddard et al. [2] , where it is called the eternal 1-security number, and is denoted by σ 1 (G). Burger et al. [1] gave bounds for the smart ∞-secure dominating number of a graph G, and determined the parameter values for simple graphs. Goddard et al. [2] further investigated this concept and has even extended the concept to multiple guard movements, called the eternal m-security.
Throughout this paper, the symbol σ 1 (G) is used to denote the parameter smart ∞-secure dominating number or eternal 1-security number of a graph G instead of γ ∞ (G).
A clique of a graph G is a subset K of V (G) such that its induced subgraph K is a complete graph. A clique cover of size n is a partition of the vertex set of G into K 1 , K 2 , . . . , K n , such that each set K i (i = 1, 2, . . . , n) is a clique.
The number of cliques in a smallest clique cover of G is called the clique cover number of G, denoted by θ(G).
A
set S ⊆ V (G) is a dominating set of G if for every x ∈ V (G)\S, there exists y ∈ S such that xy ∈ E(G), that is, N G [S] = S ∪ N G (S) = V (G), where N G (S) = {v ∈ V (G) : uv ∈ E(G) f or some u ∈ S}.
A set S 0 ⊆ V (G) is an eternal 1-secure set of graph G if for any k ∈ N and any sequence v 1 , v 2 , . . . , v k of vertices of G, there exists a sequence u 1 , u 2 , . . . , u k of vertices of G with u i ∈ S i−1 and either
The eternal 1-security number of G, denoted by σ 1 (G), is the minimum cardinality of an eternal 1-secure set of G. Note that, 1. S i is a dominating set for all i = 1, 2, . . . , k.
|S
3. The vertices v 1 , v 2 , . . . , v k and the vertices u 1 , u 2 , . . . , u k may be viewed as points of attacks and guards responding to the attacks, respectively.
For example, let graph G = {a, b, c, d} , {ab, bc, cd, ac, ad} . Then S = {a, d} is an eternal 1-secure set in G. To see this, we note that the guard in a can respond to any sequence of attacks in {a, b, c} and the guard in d guards vertex d.
Eternal 1-secure Sets in the Join of Graphs
We now present some results regarding the eternal 1-security number of the join of two graphs. The following two lemmas are useful.
Lemma 2.1 Let
Proof : Let n ∈ N and v 1 , v 2 , . . . , v n be a sequence of attacks in G. If this sequence of vertices are vertices of G 1 or of G 2 , then it can be dealt with by S 0 and S 0 . Hence, S = S 0 ∪ S 0 can deal with this sequence of attacks.
Suppose some vertices are in G 1 and some are in 
Without loss of generality, assume that i 1 = 1. Then
Continuing in this manner, we obtain a sequence of vertices
Proof : Let S be an eternal 1-secure set in G. We show that S is an eternal 1-secure set in K 1 +G. Let n ∈ N and v 1 , v 2 , . . . , v n be a sequence of attacks in K 1 + G. If this sequence of vertices are vertices of G, then it can be dealt with by S. Suppose some vertices are in K 1 and some are in G.
Define S 0 = S and S 1 as follows.
Note that in any case (subcase) S i is a dominating set in K 1 + G, and for each
Thus, for each i there exists
Next, we show that
This is a contradiction since |S | < σ 1 (G) = |S|. On the other hand, if u ∈ S , then S * = S \{u} is not an eternal 1-secure set in G. Thus there exists a sequence of attacks v 1 , v 2 , . . . , v k in G which can not be dealt with by S * . This implies that there exist a smallest integer q with 1 ≤ q ≤ k such that only the guard in u can respond to the attack v q (since S is an eternal 1-secure set K 1 + G). Identify u with v q and let S 0 = (S \{u}) ∪ {v q }. Then S 0 must be an eternal 1-secure set in G. This is a contradiction since
Proof : We use induction on n. For n = 1, by Lemma 2.2 we have σ 1 (K 1 +G) = σ 1 (G). Hence the assertion holds for n = 1. Let n > 1 and assume that the assertion holds for n − 1, that is, σ 1 (K n−1 + G) = σ 1 (G). Then, by Lemma 2.2 and the inductive assumption,
Thus the assertion holds also for n. Accordingly,
Theorem 2.4 [2]
For any path P n , σ 1 (P n ) = n/2 .
Theorem 2.5 [2]
For any cycle C n , σ 1 (C n ) = n/2 .
Corollary 2.6
Let F n and W n be a fan of order n + 1 and a wheel of order n + 1, respectively. Then
Proof : By Theorem 2.5, and Lemma 2.2, we have 
Eternal 1-secure Sets in the Composition of Graphs
We now present some results concerning the eternal 1-security number of the composition of two graphs.
Theorem 3.1 Let G be a connected graph and n
≥ 1. Then C = x∈S {{x} × T x } is an eternal 1-secure set in G [K n ] if
and only if S is an eternal 1-secure set in G.
Proof : Let S be a minimum eternal 1-secure set in G and a ∈ V (K n ). We
. . , v n is a sequence of vertices in G. Since S is an eternal 1-secure set in G, there exists u 1 , u 2 , . . . , u n such that 
, and
. This implies that z ∈ S and xz ∈ E(G). Thus, S 0 = S is a dominating set in G.
Corollary 3.2 Let G be a connected graph and n
On the other hand, if
The next result gives an upper bound for the eternal 1-security number of the composition of two graphs G and H. 
S i is an eternal 1-secure set of
The bound given in Theorem 3.3 is somewhat hard to determine for any graph H, since determining the clique cover number of a graph is a known hard problem, called the minimum clique partition problem. However, the given bound is sharp as the following results would show. Theorem 3.4 Let P n and P m be paths of orders n and m, respectively. Then
Proof : By Theorem 3.3, σ 1 (P n [P m ]) ≤ σ 1 (P n )θ(P m ) = n/2 n/2 . Next, assume that the vertices of P n are numbered consecutively 1, 2, . . . , n and the vertices of P m are labeled consecutively 1 , 2 , . . . , m . Consider now the sequence of attacks, (1, 1 ), (1, 3 ), (1, 5 ) , . . . , (1, x), (3, 1 ), (3, 3 ), (3, 5 ) , . . . , 
Theorem 3.6 Let C m be a cycle of order m and P n be a path of order n.
Proof : By Theorem 3.3, 
